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1 Euler transform (integral transform)
Euler $f(x)$
$I_{a}^{\mu}f(x):= \frac{1}{\Gamma(\mu)}\int_{a}^{x}(x-t)^{\mu-1}f(t)dt$ for $\mu,$ $a\in \mathbb{C}$ .
$n\in Z_{>0}$
$I^{-n}f(x)= \frac{d^{n}}{dx^{n}}f(x)$ (by Cauchy’s integration theorem)
Leibniz
Euler
$\partial^{\mu}f(x)$ $:=I^{-\mu}f(x)$ (fractional derivative).
Euler ( Riemami-Liouville )
(fractional operator)
$P(x, \partial)$ Euler $R(x, \partial)$
$P(x, \partial)^{Ad(\partial^{\mu})}\sim R(x, \partial)=\partial^{-\mu+m}P(x, \partial)\partial^{\mu}$
Leibniz $m\in Z$
$R(x, \partial)$
’ E-mail:kazuk$i$Qms. u-tokyo. ac. jp
1770 2011 20-34 20
$R(x, \partial)I^{\mu}u$ $=$ $\partial^{-\mu+m}P\partial^{\mu}I^{\mu}u$
$P(x, \partial)u=0\Rightarrow$ $=$ $\partial^{-\mu+m}Pu$
$=$ $0$
Sol’s of $Pu=0^{I^{\mu}}\sim$ Sol’s of $Rv=0$ .
Euler
Example (Gauss’s hypergeometric equation) Gauss










2 Euler transform (revisit)
Euler $(^{*1})$ .
$K$ $0$ $W[x]$ Weyl
$W(x)$ $K(x)$
Fourier-Laplace transform:
$\mathcal{L}$ : $W[x]$ $arrow$ $W[x]$
$x$ $\mapsto$ $-\partial$ .
$\partial$ $\mapsto$ $x$




Reduced form“2 (Red $(P)$ ):
$P\in W(x)$ Red$(P)\in K(x)^{\cross}P\cap W[x]$
Red $(P)= \sum_{i=0}^{n}p_{i}(x)\partial^{i}$ $gcd_{K[x]}(p_{i}(x))=1$ $p_{n}(x)$
$P= \frac{3(x-1)}{x^{2}}\partial+x(x-1)^{2}\Rightarrow$ Red $(P)= \partial+\frac{1}{3}x^{3}(x-1)$ .
Addition: $P\in W(x),$ $f(x)\in K(x)$ , $\lambda\in K$
Ad $(e^{f(x)})P(x, \partial)=P(x, \partial-\frac{d}{dx}f(x))$ ,




$P\in W(x)$ $\mu\in K$











$\{\begin{array}{lll}x=0 1 \infty 0 0 \alphal-\gamma \gamma-\alpha-\beta \beta\end{array}\}$








$\{\begin{array}{llll} 1 l 1x =0l ll \infty l\end{array}\}$
$*$ 4.
















$L(P)=\{(a_{1},$ $a_{21}b_{1},$ $b_{21}c_{1},$ $c_{2}) \in Z^{6}|\sum_{i=1}^{2}a_{i}=\sum_{i=1}^{2}b_{i}=\sum_{i=1}^{2}$ $\}$
$P(x, \partial)$ $L(P)$
$l_{P}=(m_{1}^{0}, m_{2}^{0};m_{1}^{1}, m_{2}^{1};m_{1}^{\infty}, m_{2}^{\infty})\in L(P)$
Euler




$\phi_{b}:(b_{1}, b_{2})\mapsto(b_{2}, b_{1})$ ,
$\phi_{c}:(c_{1}, c_{2})\mapsto(c_{2}, c_{1})$
Euler addition $L(P)$
$W_{P}$ $P(x, \partial)$ $W_{P}$ $Z$ $L(P)$ $l_{P}$






Carwley-Boevey[3] Fuchs $P(x, \partial)$
Dynkin Kac-Moody Lie
Weyl















$\{\begin{array}{lllllll}x =0 l t \infty 0 0 0 \alpha l-\gamma 1- \delta l- \epsilon \beta\end{array}\}$
$q$ Riemann




. 2 $0$ Gauss 2
. $0$ Weyl











D. Arinkin[1], P. Boalch[2]
1 Katz Arinkin






$e^{p(t^{-1})}t^{\lambda} \sum_{m=0}^{\infty}c_{m}t^{m}$ $(p(t)\in K[t])$ .
$p$ $p=1$
Theorem 3 ([4]). $P(x, \partial)\in W(x)$ $(+$






$P= \sum_{i=0}^{n}p_{i}(x)\partial^{i},$ $p_{i}(x)\in K[x]$





$i=1,$ $\ldots,$ $k_{i},$ $k=1,$ $\ldots,$ $l_{i,j}$ $m_{i,j,k}\in Z\geq 0$ $\sum_{j=1}^{k_{i}}\sum_{k=1}^{l_{i,j}}m_{i,j,k}=n$
$\lambda_{i,j,k}\in \mathbb{C}$ $\lambda_{i,j,k}-\lambda_{i,j,k’}\not\in Z,$ $(k\neq k^{l})$ $f_{i,j}(x)\in \mathbb{C}[x]$











$\lambda(P)$ $\in$ $\Lambda(P)$ $= \prod\prod \mathbb{C}^{l;,j})$
$i=0j=1$
$m(P)$ $\in$ $L(P)$ $=$
$\{\prod^{P}\prod^{l_{c.j}}a_{i,j}$
$|$
$a_{i,j}$ $=$ $(a_{i,j,1})$ . . . , $a_{i,j,l},$ $,j))$
$i=0j=1$
$k_{0}$ $l_{0,j}$ $k_{p}$ $l_{p,j}$
$\sum\sum a_{0,j,k}$ $=$ . . . $= \sum\sum a_{p,j,k}\}$ .
$j=1k=1$ $j=1k=1$
$\mathcal{J}=\prod_{i=0}^{p}\{1,2, \ldots, k_{i}\}$
$j=(j_{0}, \ldots,j_{p})\in \mathcal{J}$ middle convolution
Definition 4.
$E(j)= \prod_{i=0}^{p}$ Ad $(e^{f_{t,j_{i}}}) \prod_{i=1}^{p}$ Ad $((x-c_{i})^{\lambda_{\mathfrak{i},j_{i},1}})$
$oE(1-\lambda(j))\prod_{i=1}^{p}$ Ad $((x-c_{i})^{-\lambda_{j_{i},1}} \cdot,)\prod_{i=0}^{p}$Ad $(e^{-f;},j_{i})$ .
$\lambda(j)=\sum_{i=0}^{p}\lambda_{i,j_{i},1}$ .
Theorem 5. $Q_{\overline{j}}=E(j)P$
$\{(\lambda(Q_{\hat{j}})_{i,j,k});(m(Q_{\dot{j}})_{i,j,k})\}$ $(i=0, \ldots,p, j=1, \ldots, k_{i}, k=1, \ldots, l_{i,j})$






$\lambda(Q_{j})_{i,j,k}=\{\begin{array}{ll}\lambda_{i,j,k} if (i, j_{i})=(i, j) and k=1,\lambda_{i,j,k}-(\deg(f_{i,j}-f_{i_{t}j_{i}})+1)(1-\lambda(j)) if otherwise.\end{array}$
$i=0$
$\lambda(Q_{\hat{j}})_{0,j,k}=\{\begin{array}{ll}\lambda_{0,j,1}+2(1-\lambda(j)) if (0, j_{0})=(0, j) and k=1,\lambda_{0,j,k}-(\deg(f_{0,j}-f_{0,j_{0}})-1)(1-\lambda(j)) if otherwise.\end{array}$
$E(j)(\hat{j}\in \mathcal{J})$ $\Lambda(P),$ $L(P)$
$\sigma(j)$ : $L(P)$ $arrow$ $L(P)$
$a=\prod_{i=0}^{p}\prod_{j=1}^{k;}(a_{i,j,1}, \ldots, a_{i,j,l_{i,j}})$ $\mapsto$ $\prod_{i=0}^{p}\prod_{j=1}^{k_{\dot{\tau}}}(\tilde{a}_{i,j,1}, \ldots,\tilde{a}_{i,j,l_{i,j}})$ ,





$\sigma(i_{0},j_{0}, k_{0})$ : $L(P)$ $arrow$ $L(P)$
$a_{i_{0},j_{0},k_{0}}$ $\mapsto$ $a_{i_{0},j_{0},k_{0}+1}$ ,
$a_{i_{0},j_{0},k_{0}+1}$ $\mapsto$ $a_{i_{0},j_{0},k_{0}}$ ,
$a_{i,j,k}$ $\mapsto$ $a_{i_{:}j,k}$ if $(i, j, k)\neq(i_{0},j_{0}, k_{0})$ .







$\tilde{\nu}_{i,j,k}=\{\begin{array}{ll}\nu_{i,j,k} if (i,j_{i})=(i, j) and k=1,\nu_{i,j,k}-(\deg(f_{i,j}-f_{i,j_{1}})+1)(1-\nu(\hat{j})) if otherwise,\end{array}$
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$i=0$
$\tilde{\nu}_{0,j,k}=\{\begin{array}{ll}\nu_{0,j_{0},1}+2(1-\nu(j)) if (0, j_{0})=(0, j) and k=1,\nu_{0,j,k}-(\deg(f_{0,j}-w_{0,j_{0}})-1)(1-\nu(j)) if otherwise,\end{array}$
$\nu(j)=\sum_{i=0}^{p}\nu_{i,j,1}$ .
$\sigma(i_{0},j_{0}, k_{0})$ $\Lambda(P)$





$\cup\{c(i,j, k)|i=0, \ldots,p, j=1 . . . , k_{i}, k=1, \ldots, l_{i,j}, -1\}$ ,
$Q= \sum_{c\in C}Zc$
$(c_{\dot{j}},$ $c_{\hat{j}}, \}=-\sum_{i=0}^{p}\deg(f_{i,j_{i}}-f_{i,j_{i}’})-(p-1)$
$+\#\{i|j_{i}=j_{i}’, i=0, \ldots,p\}$ ,
$\langle c_{\overline{j}},$ $c(i,j, k)\rangle=\{\begin{array}{ll}-1 if (i, j_{i})=(i,j) and k=10 if otherwise\end{array}$
$\{c(i, j, k),$ $c(i’,j’, k’)\rangle=\{\begin{array}{ll}2 if (i,j, k)=(i’,j’, k’)-1 if (i, j)=(i’,j’) and |k-k^{l}|=1.0 if otherwise\end{array}$
$j=(j_{0}, \ldots,j_{p})\in \mathcal{J}$ $Z$ $Q$
$Q$ $c\in C$
$\sigma_{c}(\alpha)=\alpha-\{c, \alpha\}c$ .
$\sigma$ $(c\in C)$ $W$ Weyl





$\alpha=\sum_{\hat{j}\in J}\alpha_{\hat{j}}c_{\hat{j}}+\sum_{i=0}^{p}\sum_{j=1}^{k_{\mathfrak{i}}}\sum_{k=1}^{l_{i,j}-1}\alpha(i, j, k)c(i, j, k)\in Q$,
$\Phi(\alpha)=\prod_{i=0}^{p}\prod_{j=1}^{k}(a_{i,j,1} , . . . , a_{i,j,l_{i,j}})$
$a_{i,j,1}= \sum_{\{\hat{j}\in J|j_{i}=j\}}\alpha_{\hat{j}}-\alpha(i,j, 1)$
,
$a_{i,j,k}=\alpha(i, j, k-1)-\alpha(i,j, k)$ for $2\leq k\leq l_{i,j}$ .
$\alpha(i,j, l_{i,j})=0$ .
1. $\Phi$


























Theorem 7. $P\in W[x]$ $\lambda(P)\in\Lambda(P)$ $generic^{*7}$ $P\in W[x]$
$W(x)$ $m(P)$ $\Phi$




Fuchs middle convolution 1
Katz
Theorem 8. $P\in W[x]$ 7 $W(x)$ idx $m(P)=$
$2$ $E(\hat{j})$ $\sigma(i,j, k)$ 1















1 $+$ 1 $+$ 1 $+$ 1 ( $0$ ) 4 1 $+$ 1 $+$ 2 2 1
1
Fuchs
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